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Introduction 



0.1. Let G be a simple adjoint algebraic group over C and let X be the set of 
unipotent conjugacy classes in G. Let C E X and let u E C. The following 
invariants of C are important in representation theory: 

-the dimension be of the fixed point set of Ad{u) on the flag manifold of G; 

-the number zc of connected components of the centralizer of u in G; 

-the number zc of connected components of the centralizer of a unipotent ele- 
ment in the simply connected covering of G which projects to u; 

-the irreducible representation pc of the Weyl group W of G corresponding to 
C and the constant local system under the Springer correspondence [Sp]. 
Let iSw be the set of isomorphism classes of irreducible representations of W of the 
form Pc for some C E X. It is known [Sp] that C ^— > pc" is a bijection X ^ 5w 

Note that the definition of each of be, zc, zc is based on considerations of 
algebraic geometry and in the case of iSw, also on considerations of etale coho- 
mology. 

In [LI, Sec. 9] I conjectured that iSw, C i-* and C t— > z^ can be determined 
purely in terms of data involving the Weyl group W (more precisely, the " special 
representations" of the "parahoric" subgroups of W, see 1.1, 1.2). At that time 
I could only prove this conjecture for Sw and for C hh. be assuming that G is of 
classical type (my proof was based on [SI]) and a little later for G of type F4 (based 
on [S2]). In [AL] the conjecture for iSw and C 1— be was established for G of type 
i?6, -E'7, Eg. At the time [L4] was written, I proved the remaining conjecture of [LI] 
(concerning C 1— ze); this was stated in [L4, 13.3]. For classical groups the proof 
involved a new description (in terms of "symbols") of the Springer correspondence 
for classical groups (given in [L5]) while for exceptional groups this was a purely 
mechanical verification based on the tables [Al]. The conjecture of [LI] is restated 
and proved here as Theorem 1.5(a),(bl),(b2). At the same time we state and prove 
a complement to that conjecture, namely that C ^— ze is determined purely in 
terms of data involving W (see Theorem 1.5(b3)). Note that for classical groups 
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this involves some combinatorial considerations while for exceptional groups this 
involves only a purely mechanical verification based on the known tables. 

Notaiion. For a finite set F let \F\ be the cardinal of F. For i,j in Z we set 
— {n & Z; i < n < j}. For x,y in Z we write x<^yifx<y — 2. 

Contents 

1. Statement of the main result. 

2. Combinatorics. 

3. Type A^-i. 
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Index. 

1. Statement of the main result 

1.1. Let W he a finite crystallographic Coxeter group. Let Irr(VF) be the set of 
isomorphism classes of irreducible representations of W over Q. If E E lrr{W) 
and E' is a finite dimensional Q[VF]-module, let [E : E']w be the multiplicity of E 
in E' . Let Sl^ be the i-th symmetric power of the refiection representation of W. 
For any E G Irr(VF) we define integers /_e > 1, > by the requirement that 
the generic degree of the Hecke algebra representation corresponding to E is of the 
form -^q"^+higher powers of q (q is an indeterminate); let Be be the smallest 
integer i > such that [E : S\y]w > 1. As observed in [LI, Sec. 2], we have a^; < 6b 
for any E e Irr(l^); following [LI, Sec.2] we set Sw = {E e lTT{W);aE = 6s}; 
this is the set of "special representations" of W. Let Irr(14^)''' = {E e Irr(VF); [E : 
S^]w = 1}. We have Sw C Irr(W^)t. 

1.2. In this paper we fix a root datum of finite type 71 = {Y, X, a^, ai{i €/),(,)). 
(Here Y, X are free abelian groups of finite rank, {,) : Y x X — > Z is a perfect 
pairing, on E Y are the simple coroots and ctj e X are the simple roots.) We 
assume that I ^ $ and that TZ is of adjoint type that is, {oij; i G /} is a Z-basis 
of X. Let R C X (resp. ^ C y) be the set of roots (resp. coroots); let a <-> a be 
the canonical bijection R ^ R. We assume that TZ is irreducible that is, there is 
a unique ao E R such that olq — ai ^ R for any i E I . Let I = I U {0}. For z G / 
lei Si : X ^ X be the refiection determined by a^, a^. Let W be the subgroup of 
GL{X) generated by {s^; i G /}, a finite crystallographic Coxeter group containing 
So- The elements Sj(z G /) in W satisfy the relations of the affine Weyl group of 
type dual to that of TZ. Let ^ = { J; J ^ /}. For any J e A, let Wj be the 
subgroup of W generated by {si^i G J}, a finite crystallographic Coxeter group 
with set of generators {s^; i G J}, said to be a parahoric subgroup of W. 

Let O be the (commutative) subgroup of W consisting of all a; G W such that 
u){ai) = ^^^(i) {i G /) for some (necessarily unique) permutation a; : / /. 
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1.3. If J e A and Ei e Irr(Wj)^ there is a unique E e Irr(W) such that 
bE = bE, and [E : Ind^^(£;i)]w > 1- (Then [E : Ind^^(£;i)]w = 1 and 
E e Irr(W)t.) We write E = j^^iEi). Let E e Irr(W) and let 

Ze = {(J,Si); J e A,E, eSw,,E = j^^{E^)}. 

Let 

5w = {^eIrr(W);Z£;^0}. 

Let E e «Sw We set 

ttE = max . 

Let = {(J, E,) e Ze; Ie, = a^;}. We have 7^ 0. 

If (J, El) G Ze and a; e then Ad(a;) : Wj ^ carries i^i to a 

representation '^Ei G iSw fj-, such that Ind-ww (-Ei) = Ind-^w {^Ei), ho^E^ = bs^ 

and f^E, =fE,. It follows that = j^^^^^ (-^i). Thus J), -^i) G Z^; 

and a; : (J, Ei) i~> (u;(J), '^-E'l) is an action of O on Ze- This restricts to an action 
of O on Z*. The stabilizer in il of {J,Ei) G for this action is denoted by 
^j,Ei- We set 

Ce = max |nj,£;J. 

(J,Si)GZ* 

1.4. Let G be a semisimple (adjoint) algebraic group over C with root datum TZ. 
Let A", C I— > PC, C I— > be, C 1— > zc, C 1— > zc, <Sw be as in 0.1. 

Theorem 1.5. (a) iSw = . 

(h) Let C e X. SetE^pce Sw Then: 
(hi) he = bE; 
(b2) 7.C = as; 
(bS) zc/zc = Ce- 

For exceptional types the proof of (a),(bl)-(b3) consists in examining the exist- 
ing tables. Some relevant data is collected in §7. The proof for the classical types 
is given in §3-§6 after combinatorial preliminaries in 1.9-1.11 and §2. 

1.6. Let G' be a connected reductive group over C such that G is the quotient of 
G' by its centre. 

Note that 1.5(a) is closely connected to the definition of a unipotent support of 
a character sheaf on G' provided by [L6, 10.7]. In fact, [L6, 10.7(iii)] provides a 
proof of the inclusion Sw C. iSw without case by case checking. 

For any g E G' let be the unipotent part of g- We now state an alternative 
conjectural definition of the unipotent support of a character sheaf on G'- 
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Conjecture 1.7. Let A be a character sheaf on G' . There exists a unique unipo- 
tent class C in G' such that: 

(i) A\{g-^ 7^ for some g E G' with Qu € C ; 

(a) if g' G G' satisfies A\^giy ^ then the conjugacy class of g'^ in G' has 
dimension < dim(C). 

1.8. Theorem 1.5 remains valid if C is replaced by an algebraically closed field 
whose characteristic is either or a prime which is good for G and which (if G is 
of type An-i) does not divide n. 

1.9. In the rest of this section we discuss some preliminaries to the proof of 1.5. 
If J,J' eA,J d J' and El e Irr(Wj)t, there is a unique E[ e Irr(Wj') such 

that hE, = bE[ and [E[ : Ind^J;' (Ei)]w,, > 1- (Then [E[ : Ind^J^ (Ei)]w,, = 1 
and E[ e Irr(WjO^) We write E[ = j^j' (Ei). Note that 

(b) if, in addition, Ei e <5wj , then E[ e »5wj/ and fs^ < fE' ■ 
(See [LI, Sec.4].) 

Let V' be the collection of parahoric subgroups W of W such that W = Wj 
for some J C /, \ J\ = \I\ — 1. From (a),(b) we see that 

(c) Sw^{Ee Irr(W); E = (Ei) for some W E V' and some Ei G Sw}^ 

(d) aE = max fEj^ for E G »Sw 

{J,Ei)eZE;\J\ = \i\-l 

li W = Wi X W2 where Wi,W2 are finite crystallographic Coxeter groups and 
El G Irr(W^i), E2 G Irr(M^2) then E := K G Irr(W^) belongs to Sw if and 
only if El G Sw^ and E2 G ! in this case we have 

(e) Oe = CbEi + 0'E2 ) fE = /Si /Sa • 

1.10. We show: 

(a) %f J,J' eA and Wj = Wj> ^ W then J = J'. 
It is enough to show that if J,J'eA and Wj C Wj' ^ W then J G J' . To 
see this we may assume that J consists of a single element j. We have Sj G Wj'. 
Assume that j ^ J'. If J' U {j} 7^ / then Wj/u{j} is a Coxeter group on the 
generators {sh', h E J' U {j}}. In particular Sj is not contained in the subgroup 
Wj' generated by {sh',h E J'}, a contradiction. Thus we have J' U {j} = J. We 
see that Wj' contains G J' U {j}} which generates W. Thus Wj = W 

which is again a contradiction. This proves (a) . 

1.11. For a subgroup Q oi Q let be the collection of parahoric subgroups W 
of W such that W = Wj for some J E A where J is Q-stable and is maximal 
with this property. From the definitions we have 

Ce = max I O I , 

where the maximum is taken over all subgroups Q C Q and all ( J, Ei) E such 
that Wj G 7?", 17 C Vlj^E^. 
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2. Combinatorics 

2.1. In this section we fix m G N. 

Let = {z^ = {zo,zi,Z2,...,Zm) e 'N'^+^;zo < zi < ■ ■ ■ < Zm}- Let 
^0 = ^o,m ^ (0, 1, 2, . . . , m) e Zm- For any e Z^ we have - zl ^ N'"+^ 
Hence 

po : ^ N, z^ ^ Ei6[o,m](^i " ^t) ^nd 

are well defined. For any n G N we set = {z^ G Z^; po(-2*) = ?^}- 

2.2. Let Xm be the set of all = (xq, xi, X2, . . . , iCm) £ N"^+^ such that Xi < 
for i G [0, m — 1], Xi < Xi^2 for i G [0, m — 2]. For G let ©(x*) 

be the set of all i G [0, m] such that Xi-i < Xi < Xi+i (with the convention 
X-i = — cxo, = oo). Note that 

(a) \&{x^) \ ^ m - 1 mod 2; 

(b) ©(a;*) = if and only if m is odd and = Xi^i for z = 0, 1, . . . , (m — l)/2. 

2.3. Let Ym be the set of all = (yo, yi, 1/2, ■ • • , 1/m) e N""+^ such that yi < y^+i 
for i E [0, m — 1], <^ for i G [0, m — 2]. For G Frn let 3{y*) be the set of 
all intervals [i, j] C [0, m] (with i < j) such that 

- (z - 1) < ?/i - z = yi+i -i + l = --- = yj-j< yj+i - {j + 1) 
(with the convention y_i = —oo,ym+i = oo). We have 

(a) Df(y*) = if and only if m is odd and y^ = j/j+i for z = 0, 1, . . . , (m — l)/2. 
Let 

J'(y*) = {X G J(|/*);X= [z,i] with |[z,i]| =odd}, 
y'{y,) = {Ie 3{y^ya= [hj] with =even}. 
We have 

(b) \y{y*) \ =m-l mod 2. 

Let R{y*) be the set of all k G [0, m] such that /c = i or /c = j for some (necessarily 
unique) G 3f(y*)- Let Ro{y*) be the set of all k G [0, m] such that A; = z for 
some (necessarily unique) [z, j] G 3f(y*) with z = j. Clearly, 

(c) \R{y,)\ + \Ro{y.)\ = 2\3{y,)\. 

2.4. Let G and let = + x'^ G N"^+^. Note that y G F^n- If 
G &{x^) then Xjt-i < .x^ < Xk+i, x'f^_i < x'^ < x'j^j^i (and at least one of the 

last two < is <). Hence yk-i < yk < Vk+i (and at least one of the last two 
< is <). Hence k G R{y*). Thus 6(a;*) C -R(2/*). Similarly, &{x'J C i?(y*). 
We see that 6(a;*) U 6«) C R{y*). If k e &{x^) n &{x'^) then < Xfe < 

Xk+i, x'i^_,^ < x'f. < x'f.^-^ hence yk-i < yfc < yfc+i so that A; G -Ro(2/*). Thus, 
6(a;*) n ©(x'J C Ro{y*) and 

|6(a;.)| + |6(a;:)| = \e{x.) U ©(a;',)! + \e{x.) n ©(a;',)! < |i?(y.)l + \Ro{y*)\. 

Using this and 2.3(c) we see that 

(a) \eix,)\ + \e{x:)\<2\3iy,)\, 

with equality if and only if &{x^) U &{x'^) = R{y>^) and ©(a;*) fl &{x'^) = Ro{y^). 
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2.5. Let e Y^. We consider a partition [0, m] = Jo U ^Ji U . . . where for 
each s e [0,t] we have J7s = [ms,m^^i] with < m^^.!, mo = 0, m^^^ = m and 
for each s e we have nis = m'g + 1. We require that for s e we have 
Z/m; "C and for any s G [0, t] we have either 

(i) \ Js\ = 2 and (l/m,, l/mi,,^,) = (as,^^), or 

(ii) {yms,ym,+i,---,ym'^_^J = (as,as + l,as + 2, ...). 
for some e N. Such a partition exists and is unique. Let 

Gi{y*) = {s e [0,t];s is as in (i)}, Q2{y*) = {s e [0,t];s is as in (ii)}. 
We have 

^(y*) = {[hj]ti = 'msJ = m'^+i for some s G ^2(1/*)}; 

Riy*) = G [0, m]; z = ms or z = m'g_^_^ for some s G ^2(2/*)}; 

Ro{y*) = {i & [0, m]; i = rus = ■m'g_^_i for some s G ^2(y*)}- 

2.6. Let G ^m- Let S'{y^) be the set consisting of aU pairs 

X* — ^^xo,Xl,...,X}^^,y, — ^^Xo,X]^,...,x^^ 

in N™'+-'^ which satisfy (i)-(iv) below (notation in 2.5): 

(i) for any s G Qi{y*) we have {x^^^Xm'^^^) = {us,Us), {x'^^, x'^,^^J = «,<), 
Ug + u'g = as] 

(ii) for any s G ^2(y*) we have cither 

(111) {Xm,,Xm, + l, ■ ■ ■ ,Xm'^^_^) = (Ws, + 1, + 1, + 2, + 2, + 3, . . . ) , 
(^m,'^m, + l'---'^m^+i) = K' ""s' ""s + 1' < + 1' '"s + 2, < + 2, . . . ), + < = a^, 

or 

(112) {Xm,,Xm, + lf-,Xm'^^J = (Ug, W^, + 1, + 1, + 2, + 2, . . . ), 

(a^m, , , . . . , x;^, ) = «, < + 1, < + 1, < + 2, < + 2, w'^ + 3, . . . ) , Ms + < = 

(iii) for any s G wc have x^; < a^ms, 2:'rn' < -"^m,! 

(iv) if J'(y*) = then for any s G ^2(1/*), (a;^,, • • • , 
(^m,.^m,+i'---'^<+,) as in (iil). 

An element (x*, of S'{y^) can be constructed by induction as follows. Assume 
that the entries Xi, x^ have been already chosen for i G Jo U J7i U ■ • • U Js_i for 
some s G [0,t] so that (i)-(iii) hold as far as it makes sense. In the case where 
s > let ^ = Xm'^ , ^' = x'^, ; in the case where s = let ^ = ^' = —00. In any case 
we have ^ + ^' < as — 2 hence we can find Ug, u'g in N such that ^ < Ug, ^' < u'^, 
Us+u'g = Ug- (The number of choices is — y-m'^ — 1 if s > and yQ-\-l ii s — 0.) 
Then we define 

by (i) if s G Gi{y*) and by (ii) if s G ^2(2/*)- This gives two choices for each 
s G ^2(2/*) such that \J's\ > 1, unless y{y») — when there is only one choice. 
This completes the inductive definition of x^,x'^. We see that S'{y^) ^ 0. 

Let <S'(y*) be the set of all {x^,x'^) G x such that (v),(vi),(vii) below 
hold: 

(v) a;* = 
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(vi) &{x^)U&{x'J =R{y^), 6(a;*)n6«) = Ro{y*) (or equivalently |6(a;*)| + 
\e{xi)\ = 2\3{y^)\), 

(vii) if 3'{y^.) = (so that m is odd), then &{x'J = 0. 
From the definitions we see that S{y^) = 5"(y*). Hence 

(a) S{y.) ^ 0. 
From 2.4(a) we see that: 

(b) if a(y*) = and {x„xi) e S{y,) then e{x^) = 0, e«) = 0. 
On the other hand, 

(c) if 3'iy,) ^ and (x,, x'J E Siy,) then &{x,) ^ 0, e«) ^ 0. 

Indeed, let G 3'{y*). Then we have either i e ©(a;*),j e ©(a;*) or i e 

6(x'^), j G 6(x*); in both cases the conclusion of (c) holds. 

2.7. In this subsection we assume that m is even, > 2. We set 
Xm = {x^ e ^m;a;o = 0,a;i > 1}, Yrn = {2/* e F^;!/! > 1}. 

If x^ e X^, x'^ e Xm, then a;* + a;'^ e y^. 
Let e Yrn be such that 

(a) 2/0 = 0,2/1 = 1. 

(Thus 3{y^) contains an interval of form [0, a] hence 3{y*) ^ 0.) Let S'{y^) be the 
set consisting of all pairs = {xq, xi, . . . , Xm), x'^ = {xq, x'^, . . . , x'^) in N"*"''-'- 
which satisfy the conditions (i)-(iii) in 2.6 together with conditions (i),(ii) below 
(notation in 2.5): 

(i) for s = (necessarily in ^2(2/*)) we have 

{xo,xi,...,x^'J = (0,0,1,1,2,2,...), {x'o, x[, . . . , x'^,^) = (0,1,1,2,2,3,3,...) 

(so that ee{x'^)); 

(ii) if 3{y^) ^ {[0,a]} U J" (2/*) (so that 3'{y^) = {[0,a]}) then for any s G 
^2(2/*) - {0}, (xm,,Xm,+i, . . .,Xm'^^J, {x'^^ , x'^^^^, ■ ■ ■ ^ ^'m'^^J ^re as in 2.6(iil). 

We can construct an element in S'{y*) by the same method as in 2.6. In particular, 
S'iy.) 0. ^ 

Now let S{y^) be the set of all {x^,x[) e Xm x Xm such that 

(iii) x^ + x'^ = y^, 

(iv) e(,T,)U6(,0 = R{y^), 6(a;*)n6«) = i?o(y*) (or equivalently \e{x^)\ + 
|6«)| = 2|%,)|), 

(v) if 3{y.) = {[0, a]} U r{y.), then 6(5',) = {0}. 
From the definitions we see that S'(y*) = S"(y*). Hence 

(b) S{y) ^ 0. 
Note that 

(c) if a(2/*) = {[0,a]} and (a;,,0 G S{y^), then 6(a;*) = {a}, 6«) = {0}. 
Indeed from 2.4(a) we see that |6(a;*)| + |6(a;'^)| < 2. On the other hand, we have 
G &ix[) and a G ©(a;*) (see (i)) since in this case a is even; (c) follows. Note 
that 

(d) if 3'{y^) contains at least one interval ^ [0, ck] and {x^,x'^) G S{y*), then 
|6«)|>3. 

Indeed, let G 3'{y^), ^ [0, a]. Then we have either i G &{x^),i G &{x'^) 
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or i e e{x'J,j e &{x^). Since e 6«) we see that |6«)| > 2. Since \&{x'J\ 
is odd we see that |6(a;'^)| > 3. 

2.8. Let xi e Xm be (0, 0, 1, 1, . . . , (n - 1), (n - l),n) if m = 2n and 
(0, 0, 1, 1, . . . , n, n) if m = 2n + 1. For any x^ e we have xi > x^ for all 

i G [0, m]. Hence 

p : ^ N, ^ J2^e[o,m]i^^ - ) and 

are well defined. 

Let j/° e be (0, 0, 2, 2, . . . , (m — 2),(m — 2),m) if m is even and 

(0, 0, 2, 2, . . . , (m — 1), (m — 1)) if m is odd. For any e we have j/j > j/° for 

all i G [0,m]. Hence 

/3' : y^ ^ N, ^ J2o<i<j<miyi - Vi) 
are well defined. Since x^ + x^ — y^ we have 

p'{x^ + O = pix^) + pixi), (3'{x^ + O = (3{x^) + 
for any G X^. For any n G N we set = {a;* G X^;p(a;*) = n}, 

y- = {y. Gy^;p'(2/.)=n}. 

Assume that m = 2k, k > 1. Let G be {0,1,1, ... ,k,k). For any 

G we have > for all z. Hence 

p: ^N, E^e[o,m](^* - and 

P '■ Xm > N, a;* Xlo<i<j<m("^« ~ ) 

are well defined. Let y'^ — (0, 1, 2, 3, . . . , m) G Y^. For any y^ G Y^ we have 
Z/i > for all z. Hence 

p' -.Ym^ N, ^ EiG[o,m](2/» - ^'»°) and 

^' : y^ -> N, y^ ^ Eo<^<J<m(2/^ " Vi) 
are well defined. Since x'l + x'l = y^ we have 

p'(xh< + O = p(xh<) +^p(a;'J, 13' {x^ + <) = /3(a;*) + ^{x'^) 
for any G X^,, ic'^ G X^,- For any n G N we set 

X;^ = {x* G X^; = n}, Y"^ - {y* G 1;^; p'd/*) = n}. 

2.9. Let be the set of all e* = (cq, ei, . . . , e^) G N"^+^ such that cq < ei < 
• • • < e,„. For any n G N let = {e* G Ei = ?^}- 

Let a;* G X^. We associate to an element G X^ as follows. Let Iq < 

ii < ■ ■ ■ < is be the elements of &{x^) in increasing order. Clearly, each of the 
sets [0, io — l],[io + l,ii — 1], . . . , [is-i + 1, '^s — 1], [is + 1, has even cardinal, say 
2to, 2{ti — 1), ... , 2(ts — 1), 2ts_|_i (respectively). We define x^ — {xq, xi, . . . , Xm) G 

^m+l by 

{Xo, Xi, . . . ,XiQ - 1) = {0,0,1,1, . . . ,to - 1, to - 1), /lio = to, 

{^IQ + Il "^10+25 ■ ■ ■ 1 ^ii— l) 

= (to + l,to + l,to + 2,to + 2, . . . ,to + ti ~ l,to + ti - 1), hi^ ^to + ti. 
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(to + ti + 1, to + ^1 + 1, to + + 2, to + ^1 + 2, . . . , to + + ^2 - 1, to + + ^2 - 1) 

= to + ti + t2, 



= (to + ti + • ■ ■ + ts + 1, to + ti + • • • + ts + 1, to + ti + • • • + ts + 2, 

to + tl + • • • + ts + 2, . . . , to + ti + • • • + tg-i-i, to + ti + • • • + ts+i). 

Note that depends only on ©(a;*), not on itself. We have e X^, ©(£*) = 
6 (a;*). Let We have e* e £^rn- Moreover for any z e [0,m - 1] such 

that Xi = Xi+i we have Cj = e^+i. 

2.10. Let x^ e X^, G £rn- Then + e* e hence :— + e* + G Ym. 
Assume that ©(e* + x*) = 6(x*) and (x*, e* + x*) G S{y^). Then 

©(x*) U 6(6* + x^) = R{y*), 6(xh<) n 6(6* + a;*) = -Ro(y*) 
hence 6(x*) = R{y*) = -Ro (?/*)• It follows that for any X G 3(y*) we have |X| = 1. 

2.11. Conversely, let y* G 1"^ be such that for any X G 3f(y*) we have |X| = 1. 
By 2.6(a) we can find {x^,x'^) G S{y^). We have a;* + a;'^ = y*, 6(a;*) U 6(a;'^) = 
Riy*)i <S(a^*) n S(a;Q = i2o(z/*)- Ftom our assumption we have Ro{y^) = R{y*)- 
Hence 6(a;*) U e(a;'J = e(a;*) n 6(x'J so that 6(a;*) = 6(a;'J. By 2.9 we have 
X* = x'^ G Xm and 6* := a:* — G £^rn, e* := a:'^ — x'^ G £^rn- Moreover, if 
i G [0, m — 1] and £i = x^+i then 6^ = 6^+1 and 6' = 6'^^^ hence = ei_|_i where 
6* = 6* +6'^ G It follows that 6(e* +a:*) = 6(a:*) = 6(a;*) = R{y*) — Ro{y*). 
Since |e(x*)| + |e(x'J| =2|a(y*)| we have |e(:r*)| + |6(e* + f *)| =2|a(?/*)|. Also, 
if a'(y*) = then by 2.6(vn) we have 6(a;'J = 0. Hence 6(£*) = 6(6* + £*) = 0. 
In any case we see that y* = x*+e*+£*, (x*, e*+x*) G 5'(y*), 6(e*+£*) = 6(x*). 

3. Type 

3.1. For ?i G N let Sn be the group of all permutations of {1, 2, . . . , n}. We have 
(So = /Si = {1}; for n > 2 we regard Sn as a Coxeter group whose generators are 
the transpositions (z, z + 1) for z G [1, n — 1]. We have Ss^ = Irr(5'„). If k is large 
(relative to n) we have a natural bijection Irr(S'„) ^ ZJ!, [z^] 2;*, see [L4, 4.4]. 
For example, [(0, 1, . . . , /c — n, /c — n + 2, . . . , /c, /c + 1)] is the sign representation of 
Sn- For any 2* G we have (3o{z^) — see [L4, (4.4.2)]. 

Assume now that n = n' + n" with n',n" in N. The set of permutations of 
{1,2,..., n} which leave stable each of the subsets {1,2,..., n'}, {n' + 1, n' + 
2, . . . , n} is a standard parabolic subgroup of Sn which may be identified with 

Sn' X Sn" ■ 

For z'^ G ZJ^ , z'^ G ZJ^ we have z'^ + z'l — ^2 ^ -^fe ^ind from the definitions we 
have: 
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Note also that /3o(4) + Poiz'^) = Poi^i + z'l - z%) hence + \^n^ = 6[;^/+;^//_;20], 
so that 

(b) [<+<-^2]=jt"x5„„([<]^[<'])- 

3.2. In this subsection we assume that G is of type An-\ (n > 2). In this case 
1.5(a),(bl),(b2) are immediate. We prove 1.5(b3). 

For C ^ X E = PC ■ We have E = for a unique £ -^fc • We have zc = 1 
and zc = g.c.d.{n, Zj — Zj{j G [0, A;])} where g.c.d. denotes the greatest common 
divisor. We identify {1, 2, . . . , n} = Z/n in the obvious way. We also identify 
W = Sn as Coxeter groups so that the reflections Si{i e /) are the transpositions 
+ 1) with i e Z/n (with i + 1 computed in Z/n.) Now is a cyclic group of 
order n with generator co : i ^ i + 1 for all z G Z/n. For any d\n (divisor d > 1 
of n) let fid be the subgroup of fl generated by lo'^/^. For any coset P of fid in 
fl let be the set of all permutations w of Z/n such that for any r e P the 
subset {r + 1, r + 2, . . . ,r + {n/d)} is tu-stable. We may identify with a product 
of d copies of S^/d- Note that V^"^ (sec 1.11) consists of the subgroups as 
above; each of these subgroups is stable under the conjugation action of fid on W. 
An irreducible representation Kl^^^^ [zi^''] (with zi^^ G Z^^'^) of (identified with 
'^n/d) ^d-stable if and only if — is independent of h; in this case we have 

d 

h=l 

as we see by applying (d — 1) times 3.1(b). Using this and 1.11 we see that 

C[z^] = maxcZ 

where max is taken over all divisors d > 1 of n such that Zi^ Z^ = d{z^ - z^) for 
some 5* e ^k^^- Equivalently, we have 

= g.c.d.{n,2;j - z'^{j G [0,k])}. 

Since this is equal to z^/zc we see that 1.5(b3) is proved in our case. 

4. Type 

4.1. For n G N let Wn be the group of permutations of the set 
{1, 2, . . . , n, n', . • • ) 2', 1'} which commute with the involution i i— > i' , i' i— > i{i G 
[l,n]). We have Wq = {1}; for n > 1 we regard Wn as a Coxeter group of 
type Bn = Cn whose generators are the transposition (n, n') and the products 
of two transpositions (i,i + l)((i + 1)',^') for i G [l,n — 1]. By [L2, §2] we have 
Irr(W^,) = lii{Wn)^. 
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4.2. In the remainder of this section we fix an even integer m = 2k which is large 
relative to n. 

Let = {{z^;z'^) E Zk x Zk-i; po{z*) + po{zi) = n}. As in [L4, 4.5] we have 
a bijection 

(a) lrr{Wn) ^ UJ^, ^ 

(In loc.cit. the notation (^z*^ used instead of (2;*; z'^).) By [L2, §2] we have 

(b) = 2(3oiz,) + 2/3o«) + po«). 

There is a unique bijection : iSvk„ — * under which G corresponds 
to{[^*, z'^]} where z^ = {xq, X2, X4, ■ ■ ■ , Xm), < = (xi, X3, X5, . . . , Xm-i)- This bi- 
jection has the following property: if £^ e Sw^jX* = Cn(-E') then = Pix*), 
= 2(|e(a;.)|-i)/2. 

4.3. Let e Zm- Define ii* G Z^, e -Z^fc-i by iii = U2i — i for i e [0, A;], 
iii = U2i+i — i — 1 for i G [0, A; — 1] . 

4.4. Let (p, g) G be such that p + q = n. The group of all permutations of 
{1, 2, . . . , n, n', . • • , 2', 1'} in Wn that leave stable each of the subsets 

{1,2,..., p}, {/,..., 2', l'},{p+l,...,n-l,n}U{n', (n - 1)', . . . , (p + 1)'} 

is a standard parabolic subgroup of Wn which may be identified with Sp x Wq in 
an obvious way. 

Let {z^;z'^) G U^, G Z^^. Let = 5* + ii* - 2;*''', v'^ ^ z'^ + it^ - z'^'''~^. 
Then G U^, [u^] G Irr(5p), [z^;z'^] G Irr(I^g), G Irr(I^„). We show: 

(a) K;<]=jJ"x,y^(K]^[S*;S:]). 

We can assume that p > 1 and that the result holds for p replaced by p < p. In 
the case where [ti*] is the sign representation of Sp, (a) can be proved along the 
lines of [L3, 2.7]. If [u^] is not the sign representation of 5"^, we can find p',p" in 

N>o such that p' + p" = p and u' G Z^^^, u' G Z^^ such that = u'^ + u'/ — 2;°'"^. 
By 3.1(b), we have [u.] = jf^^, ^5^,, ([<] M [<]). Hence 

and 

jl^wSM ^ [5*; -<]) = 3l\w/s:Tsl„ .wS[<] ^ [<] ^ [5*; -<]) 

= 3l:^s,„^wS[<m<]^[^*-rz:]) 

= i^^xw^,,,^, ([<] ^ [5* + < - ^* + < - ^°''"']) 

= % + < + < - 2^0'^ 5: + u'i + < - 2^0'^-!] 
— [-^* ~l" 'if* 1 z^ -\- iisf z^^ ]. 

(We have used the induction hypothesis for p replaced by p' or p" .) This proves 
(a). 
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4.5. In the remainder of this section we assume that G has type (n > 2). We 
identify W = Wn as Coxeter groups in the standard way. The reflections Sj{j e 
/) are the transpositions {n^n'), (1,1') and the products of two transpositions 
(i, z + l)(z', (z + 1)') for z G [1, n — 1]. The group Q has order 2 with generator 
given by the involution i i— >• (n + 1 — i)', i' {n + 1 — i) for i G [1, n]. 

Let (r, p, q) G be such that r + p + q = n. The group of all permutations of 
{1, 2, . . . , n, n', . • • 5 2', 1'} in Wn that leave stable each of the subsets 

{l,2,...,r}U{r',...,2',l'},{r+l,r + 2,...,r + p}, 

{(r+p)',...,(r + 2)',(r+l)'}, 

{r + p + 1, . . . , n - 1, n} U {n', (n - 1)', . . . , (r + p + 1)'} 

is a parahoric subgroup of W which may be identified with Wr x Sp x Wq in an 
obvious way. 

Let {z^;zl) G U]^, (5*; 5^) G U^, tt* G Z^^, Define it* G Zk,u^ G Zk_i as in 4.3. 

Let tu* = -s* + 5* + ii* - 2^*'^^, w'^ = z'^ + z'^ + it^ - 2z^'^~^ . Then w^) G V^, 
[z^-,z'^] G Irr(Vr^), [u^] G Irr(^p), [5*;^:;] G Irr(VF'g), K,wl] G Irr(V^^^). We show: 

(a) K;<] = jSvxSpxW,([^*;<] ^ [^*] K [5*; 5;;]). In particular, 

[K;«;:] : Indt^;^5^^^^([z,; <] K K] K = 1. 

Assume first that p = 0. We have: 

(b) [[z. + - 4 + - ^*''-'] : IndiJ^^^^^ ([^*; 4] ^ [5*; = 1- 

Using the definitions this can be deduced from the analogous statement for 5^, see 
3.1(a). Moreover we have 6[^^^-^_^o.fc.^,^-, _^o.fc-ij = It follows 

that 

(c) + — ; 2* + -Z* — ] = jWrXWqii^*'' ^*] I"^*' '^*])" 

Thus (a) holds in this special case. 

In the general case we use 4.4(a) with n replaced by p + g and (c) applied to 

n,r,0,p + q instead of n, r, p, q. We obtain 

iSv^xs,xw,([^*;4]^[«*]K[^*;5:]) 

=*xvK.,,(i^:x'S;"^,([-*;4] ^ [u.] ^ [z.;m 

= jwl^w,^, ([^*; <] ^ [5* + ^* - 51 + ^* - = <]■ 

This proves (a). 

4.6. By [L5, §13], there is a unique bijection r : 5w — * Ym such that for any 
y* G F^, the fibre T"^(y*) is [2;*, <] where 2;* = (2/0, 2/2 - 1, 2/4 - 2, . . . , y^n - ?ti/2), 
4 = (yi»y3 - l,Z/5 - 2, . . . ,ym-i - (m - 2)/2). This bijection has the following 
property: if C G A' and = t(pc), then be = /^'(y*), zc = 2l^(2'*)l-^ From [L5, 
§14] we see that: 

zc/zc = 2 if I J| = 1 for any J G J(2/*), 
zc/zc = 1 if |X| > 1 for some T G 2^(2/*). 
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4.7. In the setup of 4.5 we assume that G Sw,., ^ <Swg- Define 

e X^, e by Cri[z*; z'^]) = x^, Cqi[z:^;z'X = £*• Let = tt*-2;°''^ e £m- 
We show: 

(a) [w^., w'^] e 5w and t{[w^,, w'^]) = x* + e* + x*. 
We have = X2i +X2i +W2i -2i fori G [0, A;], zw- = X2i+i +x +2i+i +-^21+1 
l — 2i for i G [0, k — 1]. Define G N"^+^ by Wi — y2i—i for i G [0, /c], = 2/2i+i— 'i 
for z G [0, /c — 1]. Then = ^c* + 5* + e*. Since a;* G X^, G X^, e* G Sm we 
have G Ym- More precisely, y* G Y^. Using 4.6 we deduce that G <Sw 

and (a) follows. 

From (a) and 4.5(a) wc see that for {r,p, q) as in 4.5, the assignment 
(El, i?2, ^1) ^ Jwl'xs.xwSEi El) 
is a map j : ^ x 5w — >^ »5w and we have a commutative diagram 



X^ X X > Y„ 



m 



where h is given by (x*, e*, x*) 1— > + e* + and : iSg^ £^ is the bijection 

r . 0,m-\ 

4.8. Note that V (see 1.9) is exactly the collection of parahoric subgroups Wr x 
So X Wq of VF„ with {r,p,q) as in 4.5 and p = 0. By 4.7, i^"xSoxVK<, carries 

^So X ^Wq into 5w Hence 5w C 5w 
Conversely, let £^ G >Sw With r as in 4.6, let = t{E) G Y^. By 2.6(a) we 
can find (x*,x*) G 5'(y*)- Define r, g in N by G G X^. We must have 

r + q = n. Let = (0, 0, . . . , 0) G 6"^. In the commutative diagram in 4.7 (with 
p = 0) we have h{x^,e^,x^) = y*, (x*,e*,x*) = (Cr(-E'i), ^p(Q), Cq(-E'i)) where 
El G iSw',,, -El G (recall that Cr, Cg are bijections) and r(j(£'i, Q, Ei)) = t{E). 
Since r is bijective we deduce that E — j{Ei, Q, Ei). Thus, E G 5w Thus, 
<Sw C 5w We see that 5w = »5w This proves 1.5(a) in our case. 

4.9. In the remainder of this section we fix C G A* and we set E — pc & Sw, 
y* = t{E) G (r as in 4.6). ^ 

Let (r, qf) G N^, Ei G 5^^^, Ei G be such that r + q = n, 

(These exist since E G S^^.) We set x^ = Cr(-E^i) e = C?(-E^i) ^ ^m- 

From the commutative diagram in 4.7 we see that + = y*- By 4.6 we have 
be = l3'{y*)- Since /3'(x* + x*) = /3(x*) + /3(x*), we have be = /3(x*) + /9(x#). 
Since /3(x*) = 6^1, /3(^*) = we have be = + 6^,^ hence be = ^Ei^q^Er 
Since E = jw^xSoxWqi^^ K Q K Ei) we have ^^^^q^^^ = bs hence be = bs, 
proving 1.5(bl) in our case. 
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Next we note that /e, = 2(l®(^*)l-i)/2, /^^ = 2(l®(2*)l-i)/2^ = 2\^(y*^\-\ 
\e{x^)\ + |e(5*)l < 2|%*)|. Hence 

Taking maximum over all r, Ei, Ei as above we obtain Os < z^- 

Using again 2.6(a) we can find (a;*, 5*) e S{y^). Define r, g in N by e X^, 
X* e X^. We must have r + q = n. Define Ei G Sw,,, Ei G by x^, — 
Cr{Ei), X* = Cq{Ei)- As earlier in the proof we have E = j^^^f^^^^{EiMQMEi). 
We have 

f _ _ 2(|e(x.)|+|e(x.)|-2)/2 _ 2p(?/*)|-i _ 

It follows that aE — zc, proving 1.5(b2) in our case. 

4.10. Assume now that zc/zc = 2. By 4.6, for any X G 3{y^) we have |X| = 1. 
By 2.11 we can find (r, q) as in 4.5 with q = r and G X^, G £^ such that 
2/* = X* + e* + X*, (x>^, + x*) G 6(e* + x*) = 6(x*). Define Ei G 5^^^, 
£^2 G by X* = Cr(-E'i)j = ^^(£^2)- Using the commutative diagram in 4.7 we 
see that E = jwrxSpxwS^^ Kl £^2 Kl Ei). Moreover, 

/siSB^SBi = 2(l®(^*)l+l®(^*)l-2)/2 = 2(ie(^*)l+ie(e«+^»)l-2)/2 ^ 2l^(^*)l-i = z^. 

We have x Sp x Wr — Wj for a unique J which is il-stable. Moreover, 
El Kl E2 Kl El is f]-stable. We see that Cs = 2. 

4.11. Conversely, assume that Ce — 2. Using 1.11 we see that there exist (r, p, q) 
as in 4.5 with = r and Ei G »Sw^p, -E2 e (S^^ such that E = jw"xSpxWr-(^'^ ^ 
E2 K El), = zc- We set x* = Cr(-Ei) G X!^, e* = ^^,(.£2). We have 
2/* = X* -|- 6* -|- x* and 

2(|e(a:.)| + |e(a;,)|-2)/2 ^ 2i^(2'«)|-l; 

hence |6(x*)| + |6(x,)| = \3iy,)\. Let E^ - ^^^+^^(^2 KEi) G 5iy^+„. Then E = 
jw^xWp+r-^-^'^ KlEi). Using 1.5(b2) and the definition we have JeiMe^ < <^e — zc- 
By 1.9(b) we have /s^hbi < fE[- Hence zc = /siSEaSEi < fEi^E[ < zc; this 
forces /e^^Ei = /s;- The last equality can be rewritten as 

2(|e(xO|-i)/2 ^ 2(l®(^*+^*)l-i)/2 

since + = Cp+r(£'J^) (a consequence of 4.4(a)). Hence |©(e* +x^<)| = |6(x*)| 
and |©(x^<)| + \&{e^ + x^)\ = 2\3{y^)\. Thus, {x^, e* + x^) G S{y^). Using 2.10 we 
see that for any X G 3f(2/*) we have |X| = 1. By 4.6 we have zc/zc = 2. 

4.12. From 4.10, 4.11, we see that zq/zc = 2 if and only if = 2. Since 
Ce e [1,2] and zcjzc G [1,2] we see that zc/zc — ce; this proves 1.5(b3) in our 
case. 
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5. Type C„ 

5.1. For n G N let VF^ be the set of all elements in Wn which are even permu- 
tations of {1, 2, . . . , n, n', . . . , 2', 1'}. We have = W[ = {!}. For n > 2 we 
regard W'^ as a Coxeter group of type Dn whose generators are the products of 
two transpositions + l)',^') for ^ £ [l)'^ — 1] and in — l,n')(n, in — 1)'). 

5.2. In this subsection we fix an integer k which is large relative to n. 

Let be the set of unordered pairs (2;*, z'^ in Z\^-\ x such that po(-2*) + 
Po(-2l) — n. If n > 2 we have as in [L4, 4.5] a map i : Irr(W^^) — VJ} . (In 

loc.cit. the notation (^z*^ was used instead of {z^,z'^).) Now t is also defined 

when n G {0, 1}; it is the unique map between two sets of cardinal 1. 

Let "^Vj^ be the set of ordered pairs {z^; z'^) in Zk-i x Zk-i such that po{z*) + 
PoiK) = a^^d either po{z*) > poiK) -2* — We regard ^V^"' as a subset of 
by forgetting the order of a pair. We define a partition '''Vj^ = 'V^ U "V^ by 

"Vk ={iz*: e ^V^; = <} if 71 > 2, "y^" = if 72 < 1, 

Tfc" = {(2*; <) e +14"; ^ <} if 71 > 1, 'V,^ = if n = 0. 
By [L2, §2] we have Irr(M^;;)+ = i~H^V^). For {z^; z'J and k G {0,1} 

we define [2;*, 2;!^,]'^ e Irr(VF^)^ by the following requirements: if {z^; z'^) G 'Vj^, 
then ^""^(2;*; 2;!^) has a single element [2;*;2;;[.]° = [2;*; 2;!^]^; if (z^; z'^) G "Vj^, then 
L~^{z^,; z'^) consists of two elements [2;*; 2;|^]'^, [^*; 2^]^. 

By [L2, §2], if {z,; <) G tyn ^^^^ ^ 2/3o(2*) + 2/3o{zi) + Po«). 

There is a unique map : Sw' — ^ ^2fc-i such that for any G -^2A:-i' 
C'n-\x,) is {[2,; 2:]° = [2,; zX} (if 6(x.) ^ or if n = 0) and is {[2,; 21]°, [2,; 2:]i}| 
(if &{x^) — and n > 2) where 

2;* = (a;i,a;3,a;5,...,a;2A;-i), 2;^ = {xo,X2,X4:, . . . ,X2k-2)- 
This map has the following property: if G Sw' = Cni-^) then = P{x*), 

fj^ = 2max((|e(x.)|-2)/2,0)_ 

There is a unique map C„ : Sw' — ^ -^2fc such that for any x^, G ^2fc' Cn ^(^*) 
is {[2,;2:]0 = [2,, 2:]!} (if 6(a;*)V W or if n = 0) and is {[z,; z'^ ,[z,, z'^} 
(if ©(a;*) = {0} and n > 2) where 2;* = (a;2 — 1,X4 — l,...,X2k — 1), 2;|^ = 

(Xi - 1, X3 - 1, - 1, . . . , X2fc-1 - 1)- 

This map has the following property: if £^ G Sw' , = Cn(-E), then Be = 

= 2max((|e(a;.)|-3)/2,0)_ 

5.3. In the remainder of this section we assume that G is of type {n > 3) 
and we identify W = Wn as Coxeter groups in the standard way; we also fix an 
even integer m = 2k which is large relative to n. The refiections Sj{j G /) are the 
transposition (1, 1') and the products of two transpositions (z, i + {i + 1)') for 
i E [1, n — 1] and (n — 1, n'){n, (n — 1)'). The group fl has order 2 with generator 
given by the transposition {n,n'). 

Let (r, q) G be such that r + q = n. The group of all permutations 
of {1, 2, . . . , 71, n', . • • , 2', 1'} in Wn that leave stable the subset {1,2, ...,r}U 
{?•', . . . , 2', 1'} and which restrict to an even permutation of {r + 1, . . . , ti — 1, ti} U 
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{n' , (n — 1)', . • • : ('^ + 1)'}: is a parahoric subgroup of W which may be identified 
with Wr X Wg in an obvious way. Let e Ul {z^;zi) e ^V^. Let 

4 = (0, 5o + 1, 5i + 1, . . . , Zk-i + 1) G Zk- 
Let ^ + zl - 2*''", = z'^ + z'^ - Then [-2*; -2^] e Irr(Wr), [i*; z^]'' G 

Irr(VFg)"'" {k = 0, 1), [w*; w^] G Irr(VF„) are well defined and we have 

(a) [K;<] : Indj;;^^, ([^.; <] K [5*; 5:]'^)]iy„ = 1. 

(This can be deduced from the second sentence in 4.5(a) with p — 0.) Moreover, 
we have b^^^.^i^] = b[z,;z'j + It follows that 

(b) K; «;:] = jJ?;,'h^,([^*; <] h [~z.; ~zir). 

5.4. By [L5, §12], there is a unique bijcction f : tSw — ^ such that for any 
G Y"^, the fibre f"^(y*) is where z^ = (yo, ^2 - 1, ^4-2, . . .,y^-m/2), 

-^l = (l/i — 1, 2/3 — 2, 1/5 — 3, ... , ^rn-i — m/2). This bijection has the following 
property: if C G A' and y* = f(pc) then be = (3'{y*), zc — 2l^(^*)l~-^~'^2'*) where 
5y^ = 1 if there exists 2 G y{y*) such that ^ T and 5y^ = if there is no 
I G a'(y*) such that 0^1. Moreover, zc = 2^^^y*^\-^\ Hence z^/zc = 2^^* . 

5.5. In the setup of 5.3 we assume that [^*;^*] G Swr-, [^*: K]'^ ^ '^w^- 
= Cr([^*;<]) ^^X^, = Cqi[z*;zX) e X^. We show: 

(a) [w^, w'^] G <Sw and f{[w^,wl]) = x^ + x^. 
We have t«i = X2i + X2i — i, w'^ = X2i+i + X2i+i — 1 — i. Define G N"^"''-'- by 
y2i = Wi+i for i E [0, k] , y2i+i = w'-+i + l for z G [0, A; — 1] . We have y^ = + £ * . 
Since G G X^, we have G Frn- More precisely, j/* G F^. Using 5.4 

we deduce that G 5w and (a) follows. 

From (a) and 5.3(b) we see that for (r, q) as in 5.3, the assignment (£"1, £"1) 1— > 
^WrxW'i-^'^ Kl £1) is a map j : x ^w^ — «5w and we have a commutative 
diagram 



X 5i 



where h is given by {Xi^^Xi^ 1 ^ ~|~ x*. 

5.6. Note that V' is exactly the collection of subgroups Wr x W'^ of W„ with 
(r, Qf) as in 5.3 and l- (On the other hand W„_i x VF{ is a maximal parabolic 
subgroup of the Coxeter group W^.) By 5.5, j^"xw carries Sw^. x Sw^ into <Sw 

Hence <Sw C iSw 

Conversely, let £^G 5w With f as in 5.4, let y^ = f{E) G Y^^. By 2.7(b) we 
can find (a;*,5:*) G S{y^). (The assumption 2.7(a) is automatically satisfied since 
m is large relative to n.) Define r, g in N by G X^, G X^. We must have 
r + q — n. In the commutative diagram in 5.5 we have h{x^, x*) = y*, (a;*, a;*) = 
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(Cr(-E'i), Cg(-E'i)) where Ei e Sw^, Ei e Sw^ (recall that (r, Cq are surjective) and 
f{j{Ei, El)) — f{E). Since f is bijective we deduce that E = j{Ei,Ei). Thus, 
E e »Sw and »Sw C 5w We see that »Sw = «5w This proves 1.5(a) in our case. 

5.7. In the remainder of this section we fix C e A' and we set E = pc & Sw, 
= f{E) e (with f as in 5.4). 

Let (r, q) eN^, Eie Sw^, Ei e Sw^ be such that r + q = n, E = jw^xw i^i Kl 

El). (These exist since E e S^^v■) We set = Cr(-Ei) G X^, = Cg(-^i) ^ -^m- 
From the commutative diagram in 5.5 we see that x^, + = y*- By 5.4 we have 
be = l3'{y*)- Since /3'(a;* + x*) = /3{x^) + /3{x^) we have = /3(a;*) + /3(.'r>,). 
Since (3{x^) = ^e^, /9(x*) = 6^^, we have be = fe^i + hence b^ = ^^^kibi- 
Since E' = j^^^^^,{Ei^Ei) we have ^>£^^£;j = hence be = bs, proving 1.5(bl) 
in our case. 

If \&{x*)\ > 3 then 

^ 2(ie(^*)l+|e(**)l-4)/2 < 2\^{y*)\-2 < 
If |e(£*)| = 1 and |6(a;*)| < 2\3{y^)\ - 3 then 

If \&{x^)\ = 1 (hence ©(x.,) = {0}) and \&{x^)\ = 2\3{y^)\ - 1 then 6y^ = so 
that zc = 2l^(?^*)l-i and 

fE^^E. = IeJe. = 2(l^(-)l-^)/^ = 2l^(-)l-^ = zc. 

Thus in any case we have f^^^E^ — ^c- Taking maximum over all r, qf, Ei, Ei as 
above we obtain Os < z^. 

5.8. Assume now that 5y^ = 1. Then |rJ(y*)| > 2. By 2.7(b) we can find (a;*, 5*) e 
,5(2/*). By 2.7(d) we have |6(£*)| > 3. Define {r,q) e by e e X^. 
We must have r + q = n. We can find Ei G iSvk^, Ei G 5^"^ such that = 

Cr(-Ei),x* = (q{Ei). As earlier in the proof, we have E = j^^^y^,{Ei IE Ei) and 

5.9. Next we assume that 5y^ = 0. By 2.7(b) we can find {x~^,x^) G S{y^). By 
2.7(v) we have 6(x*) = {0}. Then \&{x^)\ = 2\3{y^)\ - 1. Define {r,q)e by 

G X^,x^ G X^. We must have r + q = n. We can find Ei G 5vk^, i^i G Sw^ 
such that X* = Cr(^i), ^* = Cg(^i)- We have E = j{J^;^^,(£i K Ei) and 

/^,^^, = /^J^, = 2(l^(-)l-^)/^ = 2l^(^^)l-^ = zc. 
Using this and 5.8 we see that in any case, aE = zc, proving 1.5(b2) in our case. 
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5.10. Assume first that 5y^ = 1. Let r,q,x^,x^, Ei, Ei be as in 5.8. Then 
1 6(5*) I > 3 hence > 1 (so that the unique J such that Wj = Wr x is 
f]-stable) and Ei is il-stable. It follows that c^; = 2. 

Conversely, assume that = 2. Using 1.11 we see that there exist (r, q) e 
be such that r + q = n with g > 1 and Ei e Sw^i Ei G Sw' such that Ei is 
n-stable, E = j^-^^,{E^ME^), f^^^^^ = zc- We set - Cr{Ei) G X^^, 

5* = Cq{Ei) G We have y* = x^ + £*. Since is 11-stable, we have 

|©(^*)| > 3. Hence 

2|3(j/*)|-2 < 2^ ^ /■ _ ^ 2(l®(^*)|-l)/2+(l®(«*)|-3)/2 < 2P(2'*)|-2. 

It follows that 2 1 ^(2^*) I -2 = zc so that Sy^ = 1. 

We see that zc/zc = 2 if and only if ce = 2. Since c^; G [1, 2] and zc/zc G [1, 2] 
we see that zc/zc = Ce:; this proves 1.5(b3) in our case. 

6. Type 

6.1. In this section we assume that G is of type (n > 4). We identify W = 

as Coxeter groups in the usual way. The reflections Sj {j G /) are the products of 
two transpositions {i, i + l)(^^ (^ + 1)') for z G [1, n — 1] and (n — 1, n'){n, (n — 1)'), 
(1,2')(2, 1'). Define ui E hy i ^ {n + 1 - i)' ,i' n + 1 - i for z G [1, n - 1], 
n I— > 1, n' I— s> 1' (if n is even) and byz i— > (n + 1 — z)',z' i-^n + 1 — « for z G [1, n] (if n 
is even). Define u)2 G by i i— > i for i G [2, n — 1], 1 i— > 1', 1' i— > 1, n i— > n', n' i— > n. 
We have cui, a;2 G f2. If n is odd, Q, is cyclic of order 4 with generator uj\ such that 
= <^2- If is even, is noncyclic of order 4 with generators uJi^u>2 of order 2. 

6.2. In the remainder of this section we fix an odd integer m = 2A; — 1 which is 
large relative to n. 

Let (p, q) G be such that p + q = n, q>l. The group of all permutations of 
{1, 2, . . . , n, n', . . . , 2', 1'} in that leave stable each of the subsets {1,2,..., p}, 
{p\ . . . , 2', 1'} and induce an even permutation on the subset {p + 1, . . . , n — 1, n} U 
{n', (n — 1)', . ■ ■ 5 (p + 1)'} is a standard parabolic subgroup of which may be 
identified with Sp x W'^ in an obvious way. 

Let (5*; z'^) G 'V^^ G ^f^.i- Define ii* G .^fe_i, w* G Zfe_i by itj = U2i - i, 
iii = U2i+i—i — 1 for i G [0, k—1]. Let v^. = -z* — 2:*' f = 5^ — 2*' ~\ 
Then {v^-v'J G 'F^T, H e Irr(S'p), [5,; 5;] G Irr(W^^), [v,;vi] G Irr(W^^). We have: 

(a) [v.;vi]'=jj;,^,{[u.]m[z^;zr). 
The proof is similar to that of 4.4(a). 

6.3. Let (r, p, g) G be such that r + p + q = n. The group of all permutations 
of {1, 2, . . . , n, n', . • • 5 2', 1'} in that leave stable each of the subsets 



{r + l,r + 2,...,r + p},{{r + p)', . . . , (r + 2)', (r + 1)'} 
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and induce an even permutation on each of the subsets 

{l,2,...,r}U{r',...,2',l'},{r+p+l,...,n-l,n}U{n', (n- 1)', . . . , (r +p+ 1)'} 

is a parahoric subgroup of W which may be identified with m an 

obvious way. is a copy of Sp.) 

When r = 0,p > 2, the group of all permutations of {1,2, ... ,n,n' , ... , 2', 1'} 
in that leave stable each of the subsets 

{l',2,...,p},{p',...,2',l},{p+l,...,n-l,n}uK,(n-l)',...,(p + l)'} 

is a parahoric subgroup of W which may be identified with W^. 
is a copy of Sp.) 

When p > 2,q = 0, the group of all permutations of {1, 2, . . . , n, n', . • • , 2', 1'} 
in that leave stable each of the subsets 

{r+1, r+2, . . . , n-1, n'}, {n, (n-1)' . . . , (r+2)', (r+1)'}, {1,2,..., r}U{r', . . . , 2', 

is a parahoric subgroup of W which may be identified with x Sp x W^. {Sp ' 
is a copy of Sp.) 

When r = g = 0, the group of all permutations of {1, 2, . . . , n, n', . • • , 2', 1'} in 
VF^ that leave stable each of the subsets {!', 2, 3, ... , n— 1, n'}, {n, (n—l)' . . . , 3', 2', 1}| 

is a parahoric subgroup of W which may be identified with x Sf' x W^. {S^''' 
is a copy of Sp.) 

Thus the parahoric subgroup x S^^^ x is defined in the following cases: 

(a) A = 0; p > 2, r = 0, A = 1; p > 2, 5 = 0, A = 2; r = g = 0, A = 3. 
When p = we write also x instead of x S^^^ x W^. 

Let (2;*; 2:1) e '^V^, iz*;K) £ ^^fc') £ ^2k-i-> Define ix* e ^fc-i, 'it* e -^fc-i by 
Ui = ?i2i — Ui = U2i+i — i — 1 for z G [0, /c — 1]. Let = + + — 22;*' ~^ , 
< = < + 5; + ii* - 22°'^"\ Then («;,, w^l) G ^F^"". 

For K,k,K' e {0,1} we have [z^] z'^]'^ e Irr(VF'/)^ [u*] e Irr(S'p), [2*; 2;;,]'^ e 
Irr(VFg)"'', [w^,w'^]'^ E 'h:i{Wl^)^ . For A as in (a) we have: 

(b) [w.;wir' ^j'^J^^,,,^^X[^.;z:rm[u.]m[2.;2if) 

with the following restriction on k': if 2* = z'^^z^, = 2^, li* = ii*, then = 
and k' in (b) is uniquely determined by k, k, A; moreover, both k' — and = 1 
are obtained from some {k,k,X). 

Now (b) can be proved in a way similar to 4.5(a); alternatively, from the second 
statement of 4.5(a) one can deduce that 

[[w.;w'X' : Ind<^^(,)^^,([2*;2:]'^ S [u.] S [z.;zX)]w;^ > 1; 
we can also check directly that b^^^.^,-^^' = bi^z^;z'^]'^ (b) follows. 
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6.4. By [L5, §13], we have S-w C Irr(VF^)^ and there is a unique map r : S-w 
such that for e y^^, T-^{y*) consists of = W.z'^Y (if ^(y*) 7^ 0) 

and consists of [^*; 2!^,]°, [^*; 

z'^Y (if ^(y*) = 0) where 

z* = (2/1,2/3-1,2/5-2, ...,ym-(m-l)/2), 

4 = (yo, y2 - 1, y4 - 2, . . . , - (m - l)/2). 
This map has the foUowing property: if C e A" and y* = r(pc'), then be = (3'{y*), 
zc = 2™a^(l^(f*)l-i-'5v*.o) ^here Sy^ = 1 if y(y^) ^ and 5y^ = if = 0. 

Moreover, zc/zc is: 

4 if = 1 and |X| = 1 for any X G 

2 if Sy^ — 1 and \T\ > 1 for some T e J(2/*), 

2 if a(2/*) = 0, 

1 if 5y^ = and \X\ > 1 for some J e ^^(y*). 
More precisely, let G — > G be a double covering which is a special orthogonal 
group and let Z(-; be the number of connected components of the centralizer in G 
of a unipotent element of G which maps to an element of C. From [L5, §14] we 
see that: 

^cIJlc = 2 if |X| = 1 for any X e 3f(j/*), 

ic/'^c = 1 if |X| > 1 for some J G '3{y*). 
On the other hand, from = 2™ax(p(yOI-i,o)^ = 2'^^''^\^^y'^\-^-^y*'^\ we see 
that Z(^/zc = 2^y* . 

6.5. In the setup of 6.3 we assume that [2*; 2^]'^ G iSvk;, [5*; 5^]'^ G 5^7^ and k' is 
as in 6.3(b). Define a;* G X^, G by Cr([-s*; -sl]**) = x^, Cq{[z*; z'^]'^) = x^. 
Let = tt* — 2;*'™" G We show: 

(a) [to*, w;!|,]'^ G 5w and t([w*, w;!|,]'^ ) = + e* + x*. 
We have Wi = X2i+i + X2i+i + tt2«+i — i — 2i — 1, w'^ = X2i + X2i + U2i — i — 2i for 
i G [0, A; - 1]. Define G N'^+i by = 2/2i+i - i, w- = 2/2i - i for i G [0, /c - 1]. 
Then y^ = x^ + x^ + e^. Since G X^, 5* G X^, e* G we have G l^rn- More 
precisely, G Using 6.4 we deduce that [w^,w'^]'^ G Sw and (a) follows. 

From (a) and 6.3(b) we see that for A as in 6.3(a), the assignment {Ei, E2, Ei) ^ 
jZ" c(A) w (^1 E2 Kl El) is a map j : 5^/; x Ss^ x ^ 5w and we have a 

W f X Op X Wq " 

commutative diagram 

Sw;. X X Sw^ — - — «5w 
where h is given by (a;*, e*, a;*) a;* + e* + a;* and : iSg^ — > £^ is the bijection 

r . 0,m-\ 

6.6. Note that V' is exactly the collection of parahoric subgroups x W^^ of W^^ 
with (r, g) G such that r + g = n, r 7^ 1, g 7^ 1. (On the other hand x W^, 



UNIPOTENT CLASSES AND SPECIAL WEYL GROUP REPRESENTATIONS 21 



W{ X W^_i are maximal parabolic subgroup of the Coxeter group W^.) By 6.5, 
jw'^xw carries Sw; x i^^*^ '^w- Hence (Sw C (Sw- 

Conversely, let E e 5w, 2/* = '^{E) G 5^,^ (''" 6.4). By 2.6(a) we can 

find (a;*,£*) e 5'(j/*). Define r, in N by a;* e X^, e X^. We must have 
r + q = n. In the commutative diagram in 6.5 we have /i(x*,5;*) = y*, a;* = 
Cr(-E'i),3^* = Cq{Ei) where Ei G iS^y^, E'l G Sw^ (recall that (!,., are surjective) 
and T{j{Ei, El) = r{E). Thus j{Ei, Ei), E are in the same fibre oi i -JV,^ ^ 
Irr(W^)^. Replacing Ei or Ei by an element in the same fibre of 6 : ^ 
Irr(VF^)^ or i : ^V^^ — > Irr(VFg)^ wc sec that we can assume that j{Ei^Ei) = E. 

Thus, E G (Sw Thus, C S^^. We see that — S^^. This proves 1.5(a) in 
our case. 

6.7. In the remainder of this section we fix C G A* and we set E — pc & 
= t{E) G (with r as in 6.4). 

Let (r, q) eN'^, El e Sw;., Ei G Sw;^ be such that r + q ^ n, E ^ Jwjxw^ (^i ^ 

£'i). (These exist since E G 5w-) Define G X^,a;* G X^ by = Cr(-£'i);^* = 
('^{Ei). From the commutative diagram in 6.5 we see that a;* + 5* = y*- By 6.4, we 
have be = P'{y*)- Since /3'(x* +£*) = /3(a;*) +/3(x*) we have be = /3(x*) +/?(£*). 
Since /3(a;*) = 6^,, /3(x*) = 6^^, we have be = + b^^ hence be = b^^^^^. 

Since = j'l^^x^, (E'lKIE^i) we have b^.^^^^ = bs hence be = proving 1.5(bl) 
in our case. 

If |6(a;*)| > 2, |6(x*)| > 2, then 

/• = fp f- = 2(l®(^*)l-2)/22(l®(^*)l-2)/2) 

^ 2(l®(a^*)l + l®(«*)|-4)/2 < 2P(j/*)|-2 < z^. 

If |e(a;*)| = 0, 2 < |e(£*)| < 2|a(y,)| - 2 then 

/^,^^, = /^./^, = 2(l^(-)l-2)/2) < 2l^(-)l-2 < ze. 

Similarly, if 2 < |6(a;*)| < 2p(y,)| - 2, |6(ai*)| = 0, then /^^^^^ < ze. If 
|e(a;*)| = 0, 2 < |e(£*)| = 2\3{y^)\ then J'(y,) = and 

fEi^Ei = IeJei = 2(l^(-)l-^)/^) = 2i^(--)l-^ < ze. 

Similarly, if 2 < |6(x*)| = 2\3{y^)\, |6(x*)| = then Je^^Ei ^ ^c- If |6(a:;*)| = 0, 
1 6 (5*) I = 0, then 

fEi^Ei — f Elf El = 1 = Zc- 

Thus in any case we have fEi^Ei — ^c- Taking maximum over all r, g, Ei, Ei as 
above we obtain o^; < ze. 
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6.8. Assume now that 5y^ = 1. Then > 2. By 2.6(a) we can find (a;*,£*) e 
S{y^). By 2.6(c) we have |6(a;*)| > 2, |6(£*)| > 2. Define (r, ?) e by 

e X^, 5* e must have r + q = n. We can find Ei e <Svk^, e Sw^ 

such that a;* = Cr(-^i))^* = Cq(-^i)- As earlier in the proof we can assume that 

/^,^^, = /^./^, = 2(ie(-)l-2)/2+(|6(^.)|-2)/2 ^ 2l^(-*)l-2 = zc. 

6.9. Next we assume that IT(y*) 7^ and = 0. By 2.6(a) we can find (x*, x^) G 
S{y^). By 2.6(vii) wehave 6(5^) = 0. Then |6(x*)| = 2|J(y^)|. Define (r, g) G 

by G X^, 5:* G X^. We must have r + q = n. We can find i^i G Sw^., Ei G iS^v^ 

such that X* = C^(£^i), = (^{Ei). We can assume that E = j^'7^^,{Ei M Ei) 
and we have 

f ^- = f- = 2(l®(^*)l-2)/2 = 2l^(2'*)|-i = zr^. 

Now we assume that 3{y^) — 0. By 2.6(a) we can find (a;*, a;*) G S{y^). By 
2.6(b) we have 6(a;,) = 0, 6(£*) = 0. Define {r,q) G by a;* G G X^. 

We must have r + q = n. We can find Ei G <Svk; , Ei G »Svf^ such that a;* = 

C^(-E'i),£* = Cg(-E^i)- We can assume that E = j^7^y^,{Ei Kl Ei) and we have 

/silElBi = 1 = zc- 

We see that in any case, Os = z^, proving 1.5(b2) in our case. 

6.10. For G let (g) be the subgroup of Q generated by g. 

When n is even the subgroups of Q are {!}, (cJi), {UJ2), (<^i<^2)5 when n is odd 
the subgroups of O are {1}, (0^2 ), ^■ 

(a) The collection of subgroups W^, x ^p^"* x (with r = g > 1) contains all 
subgroups in V^. 

(b) The collection of subgroups x contains all subgroups in P^'^^K 

(c) For n even, the collection in (a) together with the subgroups Wq x Sp^^ x Wq 
(with A = or 3) contains all subgroups in P^'^'i). 

(d) For n even, the collection in (a) together with the subgroups Wq x X W(5 
(with A = 1 or 2) contains all subgroups in pi^^^^) _ 

6.11. Assume that zc/zc = 4. Then Sy^ — 1 and |X| = 1 for any J G J(y*). 
By 2.11 we can find r, p, G e* G (with r + p + r = n) such that 
y* = a;* + e* + x*, (a;*,e* + a:*) G 5'(y*), &{x^) = &{e^ + x^) 7^ 0. Note that 
r > 1. Define Ei G 5vi/; by Cr(-^i) = -^2 e Ss^ by ^^(-^2) = e*. We have 
E = j^" (El K K El) and 

/s = 2^l®^^*)l-2)/22(l®(''*)l-2)/^ = 2(l®(^*)l-2)/22(l®(e*+a^*)l-2)/2 
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We have x 5? x e P". Moreover, Ei is 12-stable. We see that 

Ce = 4. 

6.12. Conversely, assume that Ce = 4. By 1.11 and 6.10(a), there exist (r, q) as 
in 6.3 with q = r>l and Ei e Sw, E2 G Sg such that E = (Ei Kl 

£^2 1^ -E'l), /eiHEsKIEi = and such that Ei extends to a Wj.-module. We set 
= Cr(-E^i) £ -^m' 6* = ipi^^)- We have = a;* + e* + a;*. Since Ei extends 
to a Ti^^-module we have 6(x*) 7^ 0, hence 7^ 0. Thus, = 2l^(2^*)l-i-'^!'* , 

2(|e(xO|-2+|s(x.)|-2)/2 _ 2P(y*)l-i-5.* and |©(xh<)| + |6(a;H<)| = 2\3{y,)\ + l- 5y^. 
Since |S(xh<)| + < 2|3(|/*)|, we have 1 — < hence 5y^ = 1 and 

\e{x,)\ + \&{x,)\ = 2\3{y,)\. 

Let i?; = jJ;;:w,'iE2 ^ E^) G 5^;^^. Then E = j^j^^,jE^ K E[). By 
1.5(b2) we have fE^mE[ < zc- By 1.9(b) we have /^^kib, < /^j. Hence zc = 
fEi^E2^Ei < fEi^E[ < Zc; this forces Je^^Ei = fE[- The last equality can be 
rewritten as 

2{\&{x,)\-2)/2 ^ 2(l®(^*+^*)|-2)/2 

since e* +a;* = Cp+r(-E'i) (a consequence of 6.2(a)). Hence |6(e* + x*)| = |©(x*)|. 
We have also (a;*, + x^) E S{y^). Using 2.10, we see that for any I e J(y*) we 
have |X| — 1. Thus, zc/zq — 4. 

Using this together with 6.11, we see that = 4 if and only if zq/zc = 4. 

6.13. Assume that 3{y^) — 0. Then n is even. Define e* G N"^+^ by y^, = 
a;0 + + x^. We have G Define Ei G <S^y^ by Co(^i) = E^ G 5s„ by 

?n(£^2) = e*. For some A G [0,3] we have E = j^f {Ei K ^2 K £^i), see 

6.3. We have Je^^e^^e^ = 1 = z^. Note that W^^ x xW^^e V^' where is 
(a;i) or {U1IV2); moreover £^1 Kl £^2 Kl Ei is Qi-stable. We see that > 2. By 6.12 
we cannot have c^; = 4. Hence = 2. 

6.14. Assume that 5y^ = 1 and |X| > 1 for some X G J(2/*). We have |2F(y*)| > 2. 
By 2.6(a) we can find {x^,x^) G S{y^). By 2.6(c) we have |6(a;*)| > 2, |©(5;*)| > 2. 
Define (r, q) G by x^, G X^, G X^. We must have r+q = n and r > 1, g > 1. 
We can find uniquely Ei G Ei G 5vt^^ such that = C^(£^i),x* = C^(^i). 

We have E = jwjxw^ (^1 ^ ^1) and 

f - =f^f~ = 2(l®(^*)l-^)/^+(l®(**)l-^)/^ = 2l^(^*)l-^ = Zr^. 

We have Wl^xW'^e P^'^^) ^nd Ei M Ei is (a)2)-stable. We see that Cs > 2. By 
6.12 we cannot have = 4. Hence Ce = 2. 

6.15. Assume that Ce = 2. By 1.11 and 6.10, either (i) or (ii) below holds. 

(i) there exist {r,p,q) as in 6.3 with q = r, \ E [0,3] (with A = unless 

r = 0) and E^ G Sw^, E2 G Ss, such that E = j^f (£;i K E2 K £;i), 

Jex^e-mei = Zc; 
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(ii) there exist (r, q) with r + q = n and Ei e Sw; , -E'l ^ '^ly^ such that Ei 
extends to a Wj.-module, Ei extends to a VFg-module, E — j^"^y^,{Ei Kl and 

Assume first that (i) holds. We set = Cr(-^i) ^ ^m- If > 1 and extends to 
a Wr-module then EimE2M Ei is fi-stable (note that W^. x S^^^ x e P") so 
that ce = 4: contradicting ce = 2. Thus, either r > 1 and -Ei does not extend to a 
VFr-niodule or r = 0. It follows that ©(x*) = and = 1 so that zc = 1- Hence 
either = or = 2, Sy^ = 1. In the first case we have zc/zc — 2. In 

the second case, using 6y^ = 1 we see that zc/zc > 2; if we had zc/zc = 4 we 
would have Cs = 4, a contradiction. Thus in both cases we have zc/zc = 2. 

Next assume that (ii) holds. We set = C'ri^i) ^ ^* = Cq{Ei) e X^. 
We have y^, = x^, + x^. Since Ei extends to a W/V-module and Ei extends to a 
Wq-module we have |©(a;*)| > 2, |6(x*)| > 2. Hence 

It follows that 2\^^y*')\~'^ = Zc so that ?>y^ = 1. This implies that zq/zc > 2; if we 
had zc/zc = 4 we would have c^; = 4, a contradiction. Thus we have zc/zc = 2. 
Using this together with 6.13, 6.14, we see that c^; = 2 if and only if zc/zc = 2. 

6.16. By 6.12, we have Ce = 4 if and only if zc/zc = 4. By 6.15, we have c^; = 2 
if and only if zc/zc = 2. Since G {1,2,4} and zc/zc G {1,2,4} we see that 
Ce = ^cl'^c'i this proves 1.5(b3) in our case. 

7. Exceptional types 

7.1. In this section we assume that G is an exceptional group. For each type we 
give a table with rows indexed by the unipotent conjugacy classes in G in which 
the row corresponding to C G A* has four entries: 

PC be ax o! (J, E]) 

where a = zc, a' — zq/zc and (J, Ei) is an example of an element of Ze {E — pc) 
such that fE^ = Zc and = ^c/^c- (When Q = {1} we have a' = 1 and 

we write a instead of a x a'). We specify an irreducible representation Ei of a 
Weyl group either by using the notation of [L4, Ch.4] (for type Eq, Ef, Eg) or 
by specifying its degree. The representation is then determined by its Bei which 
equals be in the table or (in the case of G2, F4) by other information in the same 
row of the table. On the other hand, e always denotes the sign representation. In a 
pair (J, £^1), J is any subset of / such that Wj has the specified type; in addition, 
for type F4, we denote by A2 (resp. A2) a subset J of I such that Wj is of type 
A2 and is contained (resp. not contained) in a parahoric subgroup of type B4). 

The group O is {1} for types G2, F4 and is a cyclic group of order 9 — n for type 
En(n = 6,7, 8). 
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Type G2 

PC be ax a' (J, 



Type F4 



Type ^6 





1 







1 


(0,1) 




2 




1 


6 


((^2,2) 




2 




2 


1 


(A^A^ , e) 




1 




3 


1 






1 




6 


1 




PC 






n V 

t</ /S U/ 






1 

J. 




n 


1 

J. 






4 




1 


2 




(Fa 4) 
V-*- 4, 


9 




2 


2 




(Fa 9) 
K-'- 4, 


8 




3 


1 




(Ao e) 


8 








1 

J. 






J. 




4 


94 




(Fa ^9) 








2 




(CoA-, 3 N f 


Q 






2 




(Ba 6) 


6 




6 


1 




{A2A'^,e) 


4 




7 


1 






8 




9 


1 




(^3,e) 


8 




9 


2 




(Ba,4) 


9 




10 


1 




(Cavil, e) 


4 




13 


2 




(Fa, 4) 


2 




16 


1 




(-B4, e) 


1 




24 


1 




(Fa e) 
y-^ 4, 


PC 


b 


c 


ax a' 













1x3 




(0,1) 


6p 




1 


1 X 3 




(^4,4) 






2 


1 X 1 




(£^6, 20p) 


30p 




3 


2x3 




(D4, 8) 
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15, 


4 


1x3 




64p 


4 


1x1 




60p 


5 


1x1 


(£^6,60p) 


24p 


6 


1x1 


(^6,24p) 


81p 


6 


1x1 


(E'e, 81p) 


80, 


7 


6x1 


(^6,80,) 


60, 


8 


1x1 


(^3^1^1,6) 


10. 


9 


1x3 


(A2A2A2,e) 


8i; 


10 


1x1 


(E'e, 81^) 


6o; 


11 


1x1 


(^6,60;) 


K 


12 


1x3 


(D4,e) 


64; 


13 


1x1 


(^6,64;) 


3o; 


15 


2 X 1 


(£^6,3o;) 


is; 


16 


1x1 


(^5^1, e) 


2o; 


20 


1x1 


(£^6,2o;) 




25 


1x1 


(^6,6;) 


i; 


36 


1x1 





Type 



PC 


be 


a X a' 




la 





1x2 


(0,1) 


7' 


1 


1x2 


{Eq, 6p) 


27a 


2 


1x2 


(Eg, 20p) 


56; 


3 


2x2 


{Eq, 30p) 




3 


1 X 1 


(^7, 2i;) 


120, 


4 


2x1 


(£^7, 120a) 


356 


4 


1x2 


(^7, 14) 


189; 


5 


2x2 


(^ii:>4^i,eK8Ke) 


1056 


6 


1 X 1 


(£^7, 1056) 


210a 


6 


1x2 


(^7,35) 


168a 


6 


1 X 2 


(^7,56) 


315; 


7 


6x2 


(£^6,80,) 


189; 


7 


1 X 1 


(i?7, 189;) 
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405„ 


8 


2x1 


(^7, 405a 


2806 


8 


1 X 2 


(Ar,56 


K 


9 


1x2 


(^2^2^2,6 


216; 


9 


1x1 




378; 


9 


1x2 


{A7, 70 


420„ 


10 


2x1 


(^7, 420a 


2106 


10 


1x1 


(£^7,2106 


512; 


11 


2x1 


(^7,512; 


105c 


12 


1x2 




84„ 


12 


1x2 


(Ar, 14 


420; 


13 


2x1 


(^6,24 


2106 


13 


1x2 


{A3AsAi,e 


378; 


14 


2x1 


{DqAi, 24:^6 


105; 


15 


1x1 


(^5^2,eKl 


405; 


15 


2x2 


(£^6,30; 


216a 


16 


1 X 2 


(^7,20 


315a 


16 


6 X 1 


(£^7,315a 


280; 


17 


1x1 


{D6Ai,15me 


70a 


18 


1x1 


(^5^2, e 


189c 


20 


1 X 2 


(£^6,20; 


210; 


21 


1 X 1 


(^7, 210; 


168; 


(21 


1 X 1 


(Er, 168; 


105; 


21 


1x2 


(^7,7 


1896 


22 


1x1 


(^7, 1896 


120; 


25 


2x1 


{Er, 120; 


15a 


28 


1x2 




56a 


30 


2x1 


{Er, 56a 


35; 


31 


1x1 




2l6 


36 


1x2 




27; 


37 


1x1 


(^7,27; 


7a 


46 


1x1 


(^7, 7a 


1; 


63 


1x1 


{E7,e 
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PC 


be 


ax a' 




Ix 





1 


(0,1) 


8. 


1 


1 




35, 


2 


1 


(^8,35,) 


112. 


3 


2 


(£^8,112,) 


84, 


4 


1 


(£;7^i,21',Ke) 


210, 


4 


2 


(^8,210,) 


560^ 


5 


2 


(£;7^i,120„Ke) 


567, 


6 


1 


(^8, 567,) 


700, 


6 


2 


(£^8,700,) 


400, 


7 


1 




1400^ 


7 


6 


(^^6,80,) 


1400, 


8 


6 


(Eg, 1400,) 


1344, 


8 


1 


(£;7Ai,189'^Ke) 


448, 


9 


1 


(^2^2^2,6) 


3240, 


9 


2 


(£;7^i,405aKe) 


2240a; 


10 


6 


(£;6^2,80,Ke) 


2268, 


10 


2 


(Eg, 2268,) 


4096, 


11 


2 


(£^7, 512'J 


1400, 


11 


1 


(^7^1, 2106^6) 


525, 


12 


1 


(i^4,e) 


4200, 


12 


2 


(Eg, 4200,) 


972, 


12 


1 


(^3^3, e) 


2800, 


13 


2 


(Eg, 2800,) 


4536, 


13 


2 


(i^8,560) 


6075, 


14 


2 


(i^8,280) 


2835, 


14 


1 


(^4^2-4i,e) 


4200, 


15 


1 


(^5,e) 


5600, 


15 


2 


(£^6,30;) 


4480j/ 


16 


120 


(Eg, 4480^) 


3200, 


16 


1 


(^5^1, e) 


7168^ 


17 


6 


(£;7Ai,315„Ke) 


4200y 


18 


2 


(D8,252) 
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3150y 


18 


2 


(£;6A2,30;Ke) 


2016^ 


19 


1 


(^5^2^1,6) 


1344^ 


19 


1 


(L>5^3, 5m e) 


2100y 


20 


1 




420y 


20 


1 


(A4A4, e) 


56oo; 


21 


2 


(£;8,5600;) 


4200'^ 


21 


2 


(D8,224) 


3200; 


22 


1 


(E7Ai,168„Ke) 


6075^ 


22 


1 


(^8,6075;) 


2835; 


22 


1 


(^6^1, e) 


4536^ 


23 


1 




4200^ 


24 


2 


(£;8,42oo;) 


2800^ 


25 


2 


(Er, 120;) 


4096; 


26 


2 


(Eg, 4096;) 


840; 


26 


1 


(i^5^3,6) 


700; 


28 


1 


{A7, e) 


2240; 


28 


2 


(£;8,2240;) 


1400; 


29 


1 


(^7^1, e) 


2268; 


30 


2 


(^7, 56„) 


3240; 


31 


2 


(^r^i,56„Ke) 


i4oo; 


32 


6 


{Es, i4oo;) 


io5o; 


34 


1 


(1^8,28) 


525; 


36 


1 




175; 


36 


1 


(^8,e) 


i4oo; 


37 


6 


(£;8,1400;) 


1344; 


38 


1 


(E7Ai,27;Ke) 


448; 


39 


1 


(£^6^2, e) 


700; 


42 


2 


(£^8, 700;) 


400; 


43 


1 


iDs,S) 


567; 


46 


1 


(^7, 7a) 


560; 


47 


1 


(E7^1,7aKe) 


210; 


52 


2 


(^8,210;) 


50; 


56 


1 


iD8,e) 
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112; 63 2 (^8,112;) 

84; 64 1 (EjAi^e) 

35; 74 1 (i?8,35;) 

K 91 1 (^8,8^) 

1; 120 1 (E8,e) 
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